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ITERATES OF DYNAMICAL SYSTEMS ON COMPACT METRIZABLE
COUNTABLE SPACES
S. GARCI´A-FERREIRA, Y. RODRIGUEZ-LO´PEZ, AND C. UZCA´TEGUI
Abstract. Given a dynamical system (X, f), we let E(X, f) denote its Ellis semigroup and
E(X, f)∗ = E(X, f) \ {fn : n ∈ N}. We analyze the Ellis semigroup of a dynamical system having
a compact metric countable space as a phase space. We show that if (X, f) is a dynamical system
such that X is a compact metric countable space and every accumulation point of X is periodic,
then either all function of E(X, f)∗ are continuous or all functions of E(X, f)∗ are discontinuous.
We describe an example of a dynamical system (X, f) where X is a compact metric countable
space, the orbit of each accumulation point is finite and E(X,f)∗ contains both continuous and
discontinuous functions.
1. Introduction
We start the paper by fixing some standard notions and terminology. Let (X, f) be a dynamical
system. The orbit of x, denoted by Of (x), is the set {f
n(x) : n ∈ N}, where fn is f composed
with itself n times. A point x ∈ X is called a periodic point of f if there exists n ≥ 1 such that
fn(x) = x, and x is called eventually periodic if its orbit is finite. The ω−limit set of x ∈ X,
denoted by ωf (x), is the set of points y ∈ X for which there exists an increasing sequence (nk)k∈N
such that fnk(x) → y. For each y ∈ Of (x), ωf (y) = ωf (x). If Of (y) contains a periodic point
x, then ωf (y) = Of (x). We denote by N (x) the collection of all the neighborhoods of x, for each
x ∈ X. The set of all accumulation points of X, the derivative of X, is denoted by X ′. We
remark that the countable ordinal space ω2 + 1 is homeomorphic to the compact metric subspace
Y = {1 − 1
n
: n ∈ N \ {0}} ∪ {1} ∪ (
⋃
n∈NAn) of R, where An is an increasing sequence contained
in (1 − 1
n−1 , 1 −
1
n
) such that An −→ 1 −
1
n
, for each n ∈ N bigger than 1. The Stone-Cˇech
compactification β(N) of N with the discrete topology will be identified with the set of ultrafilters
over N. Its remainder N∗ = β(N) \ N is the set of all free ultrafilters on N, where, as usual, each
natural number n is identified with the fixed ultrafilter consisting of all subsets of N containing n.
For A ⊆ N, A∗ denotes the collection of all p ∈ N∗ such that A ∈ p.
In our dynamical systems (X, f) the space X will be compact metric and f : X → X will be a
continuous map. A very useful object to study the topological behavior of the dynamical system
(X, f) is the so-called Ellis semigroup or enveloping semigroup, introduced by Ellis [4], which is
defined as the pointwise closure of {fn : n ∈ N} in the compact space XX with composition of
functions as its algebraic operation. The Ellis semigroup, denoted E(X, f), is equipped with the
topology inhered from the product space XX . Enveloping semigroups have played a very crucial
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role in topological dynamics and they are an active area of research (see, for instance, the survey
article [8]).
The motivation of our work is the fact that for some spaces either all functions of E∗(X, f) are
continuous or all are discontinuous. Namely, this holds when X is a convergent sequence with
its limit point [7] (see also [6]) and for X = [0, 1] as it was recently shown by P. Szuca [10]. In
this direction, we will show that it also happens for any dynamical system (X, f) where X is a
compact metrizable countable space such that every accumulation point of X is periodic. We also
present an example of a dynamical system (X, f) where X is the ordinal space ω2 + 1 such that
E(X, f)\{fn : n ∈ N} contains continuous and also discontinuous functions and each accumulation
point of X is eventually periodic. This answers a question posed in [7].
Now we recall a convenient description of E(X, f) in terms of the notion of p−limits where p is
an ultrafilter on the natural number N. Given p ∈ N∗ and a sequence (xn)n∈N in a space X, we say
that a point x ∈ X is the p−limit point of the sequence, in symbols x = p− limn→∞ xn, if for every
neighborhood V of x, {n ∈ N : fn(x) ∈ V } ∈ p. Observe that a point x ∈ X is an accumulation
point of a countable set {xn : n ∈ N} of X iff there is p ∈ N
∗ such that x = p − limn→∞ xn. It
is not hard to prove that each sequence of a compact space always has a p-limit point for every
p ∈ N∗. The notion of a p−limit point has been used in topology and analysis (see for instance [2]
and [5, p. 179]).
A. Blass [1] and N. Hindman [9] formally established the connection between “the iteration in
topological dynamics” and “the convergence with respect to an ultrafilter” by considering a more
general iteration of the function f as follows: Let X be a compact space and f : X → X a
continuous function. For p ∈ N∗, the p−iterate of f is the function fp : X → X defined by
fp(x) = p− lim
n→∞
fn(x),
for all x ∈ X. The description of the Ellis semigroup in terms of the p−iterates is then the following:
E(X, f) = {fp : p ∈ βN}
fp ◦ f q = f q+p for each p, q ∈ βN (see [1], [9]).
The paper is organized as follows. The second section is devoted to prove some basic results
that will be used in the rest of the paper. In the third section, we show our main results about
E(X, f) when X is a compact metric countable space and each element of X ′ is a periodic point of
f . In the forth section, we construct a dynamical system (X, f) in which all accumulation points
are eventually periodic and E(X, f) \ {fn : n ∈ N} contains continuous and also discontinuous
functions. We also state some open questions.
2. Basic properties
In this section, we present some basic lemmas that will be used in the sequel.
Lemma 2.1. Let (X, f) be a dynamical system and p ∈ N∗. If g = fn for some positive n ∈ N,
then
gp = fp ◦ fn.
Proof. By definition, we have that
gp(x) = p− lim
k→∞
gk(x) = p− lim
k→∞
fn(fk(x))
= fn
(
p− lim
k→∞
fk(x)
)
= fn ◦ fp(x) = fp ◦ fn(x),
for every x ∈ X.
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Now, we calculate the p-iteration at certain points of a dynamical system.
Lemma 2.2. Let (X, f) be a dynamical system and let x ∈ X be a periodic point. If x has period
n and p ∈
(
nN+ l
)
∗
for some l < n, then fp(x) = f l(x).
Proof. Let V be an open neighborhood of fp(x). By definition, we have that {k ∈ N : fk(x) ∈
V } ∈ p. Thus, A = (nN + l) ∩ {k ∈ N : fk(x) ∈ V } ∈ p. For each k ∈ A choose mk ∈ N so
that k = nmk + l. Then, f
k(x) = fnmk+l(x) = f l(fnmk(x)) = f l(x) for each k ∈ A. Hence,
fp(x) = f l(x).
When the point x is eventually periodic, we have the following.
Proposition 2.3. Let (X, f) be a dynamical system and let x ∈ X with finite orbit. If m ∈ N is
the smallest positive integer such that fm(x) is a periodic point with period n, then for every p ∈ N∗
there is l < n such that fp(x) = f l(fm(x)).
Proof. It is evident that for every positive integer k ≥ m there is 0 ≤ l < n such that fk(x) =
f l(fm(x)). Hence, if p ∈ N∗, then there is l < n such that
fp(x) = p− lim
k→∞
fk(x) = f l(fm(x)).
Let (X, f) be a dynamical system and assume that x ∈ X has infinite orbit. Then, by using the
p-iterates, we have that y ∈ ωf (x) iff there is p ∈ N
∗ such that fp(x) = y. For the case when ωf (x)
is finite, we have the following well-known result (see for instance [3]).
Lemma 2.4. Let (X, f) be a dynamical system. If ωf (x) is finite, then every point of ωf (x) is
periodic. In particular, if ωf (x) has a point isolated in Of (x), then every point of ωf (x) is periodic.
Proof. Fix y ∈ ωf (x). Then, it is clear that A = {n ∈ N : f
n(x) = y} is infinite. Hence, if m,n ∈ A
and m < n, then y = fm(x) = fn(x) = fn−m(fm(x)) = fn−m(y). Therefore, y is periodic. If
ωf (x) has a point isolated in Of (x), it is evident that ωf(x) is finite.
Corollary 2.5. Let (X, f) be a dynamical system. If x ∈ X is a recurrent point and there is a
point in ωf(x) isolated in Of (x), then x is periodic.
In the following lemma, we express the orbit Of (a) in terms of Og(a), where g is an iteration of
the function f .
Lemma 2.6. Let (X, f) be a dynamical system. If g = fn for some positive n ∈ N, then
Of (x) = Og(x) ∪ f [Og(x)] ∪ . . . ∪ f
n−1[Og(x)],
for every x ∈ X.
Proof. It is evident that Of (x) ∪ f [Og(x)] ∪ . . . ∪ f
n−1[Og(x)] ⊆ Of (x). Let m ∈ N and choose
t ∈ N and 0 ≤ l < n so that m = tn+ l. Then, we have that
fm(x) = f tn+l(x) = f l(fnt(x)) = f l(gt(x)) ∈ f l(Og(x)).
Thus, Of (x) ⊆ Of (x) ∪ f [Og(x)] ∪ . . . ∪ f
n−1[Og(x)]. Therefore,
Of (x) = Og(x) ∪ f [Og(x)] ∪ . . . ∪ f
n−1[Og(x)].
Next, we shall analyze when the ω-limit set is equal to the orbit of a periodic point.
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Lemma 2.7. Let (X, f) be a dynamical system and let x ∈ X be with infinite orbit. If there is l ∈ N
such that f ln(x) −−−→
n→∞
y, then ωf (x) = Of (y) and y has period l. Conversely, if ωf (x) = Of (y)
and y has period l, then f ln(x) −−−→
n→∞
f i(y) for some i < l.
Proof. Suppose f ln(x) −−−→
n→∞
y. Let z ∈ ωf (x). Then, there is an increasing sequence (nk)k∈N
such that fnk(x) −−−→
k→∞
z. Choose i < l so that {nk : k ∈ N} ∩ (lN + i) is infinite. So, f
nk(x) =
f i(f ltk(x)), for some tk ∈ N, for infinitely many k’s. Since f
ltk(x) −−−→
k→∞
y, we must have that
fnk(x) −−−→
k→∞
f i(y) and hence f i(y) = z. Therefore, z ∈ Of (y). This shows that ωf(x) ⊆ Of (y).
Since y ∈ ωf (x), we must have that Of (y) ⊆ ωf (x). Clearly, f
l(n+1)(x) −−−→
n→∞
f l(y), thus f l(y) = y.
Conversely, suppose ωf (x) = Of (y) and y has period l. By compactness, there are i < l and
(nk)k increasing such that f
nkl(x)→ f i(y). Let V be an open set such that V ∩ Of (y) = {f
i(y)}.
Then, A = {n : fnl(x) ∈ V } is infinite. Since limn∈A f
(n+1)l(x) = f i(y), then (A + 1) \ A is finite,
therefore A is a final segment of N and thus f ln(x) −−−→
n→∞
f i(y).
3. Main results
Since our spaces are scattered, the Cantor-Bendixson rank will be very useful to carry out some
inductive process in several proofs:
For a successor ordinal α = β + 1, we let X(α) = (X(β))′ and for limit ordinal α we let X(α) =⋂
β<αX
(β). The Cantor-Bendixson rank of X is the first ordinal α < ω1 such that X
(α) = ∅. The
Cantor-Bendixson rank, denoted by rcb(x), of x ∈ X is the first ordinal α < ω1 such that x ∈ X
(α)
and x /∈ Xα+1.
First, we need to show several auxiliary lemmas.
We say that a sequence (An)n∈N of subsets of a space X converges to a subset A ⊆ X, in symbols
An −→ A, if for every V ∈ N (A) there is m ∈ N such that An ⊆ V for all m ≤ n, n ∈ N.
Lemma 3.1. Let (X, f) be a dynamical system where X is a compact metric countable space and
x ∈ X. Assume that that rcb(x) = 1 and f(x) = x. If xn → x and for every V ∈ N (x) and for
every n ∈ N there is m ∈ N such that Of (xk) ∩
(
V \ {f i(xj) : i, j ≤ n}) = ∅ for each m ≤ k ∈ N,
then Of (xn)→ x
Proof. Fix a clopen neighborhood V ∈ N (x). Since rcb(x) = 1, we can assume, without loss of
generality, that V \ {x} is discrete and that xn ∈ V \ {x} for all n ∈ N . Suppose, towards a
contradiction, that B = {n ∈ N : Of (xn) 6⊆ V } is infinite. Let n0 = minB and choose z0 ∈
Of (xn0)∩V0 so that f(z0) /∈ V . Suppose that we have defined {ni : i < k} ⊆ B and, for each i < k,
zi ∈ Of (xni)∩V such that zi 6= zj , for all j < i, and f(zi) /∈ V . For each i < k choose li ∈ N so that
f li(xni) = zi. Pick a positive integer l > max{l0, · · · , lk−1}+max{n0, · · · , nk−1}+ 1. Now, choose
nk ∈ B so thatOf (xnk)∩
(
V \{f i(xj) : i, j ≤ l}
)
= ∅. Then, there is zk ∈ Of (xnk)∩
(
V \{zi : i < k}
)
so that f(zk) /∈ V . By construction the set {znk : k ∈ N} is infinite and it is contained in V which
implies that znk −−−→
k→∞
x. But this implies that f(znk) −→ f(x) = x which is a contradiction.
Corollary 3.2. Let (X, f) be a dynamical system where X is a compact metric countable space.
Assume that x ∈ X satisfies that rcb(x) = 1 and f(x) = x. If xn → x and xn is periodic for each
n ∈ N, then Of (xn)→ x.
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The previous corollary is not true if we only assume that each xn is eventually periodic. In fact,
consider the space X = { 1
n
: n ∈ N} ∪ {0} and the function
f(x) =


0, x = 0
1, x = 1
1
n
, x = 1
n+1 .
Notice that 1 ∈ Of (
1
n
), for all n. Hence Of (
1
n
) 6→ 0.
Lemma 3.3. Let (X, f) be a dynamical system where X is a compact metric space. Let x ∈ X and
assume that (xn)n∈N is a sequence of points in X such that xn −→ x. If g = f
l for some positive
l ∈ N and Og(xn)→ x, then Of (xn)→ Of (x).
Proof. Fix V ∈ N (Of (x)) and consider the following open neighborhood of x:
U =
l−1⋂
i=0
f−i(V ).
Choose m ∈ N so that Og(xn) ⊆ U , for each n ≥ m. By Lemma 2.6, we know that
Of (xn) = Og(xn) ∪ f [Og(xn)] ∪ . . . ∪ f
l−1[Og(xn)],
for each n ∈ N. Notice that f i[U ] ⊆ V for all i ≤ l − 1. Hence, if i ≤ l − 1, then f i[Og(xn)] ⊆ V
for every n ≥ m. Therefore, Of (xn) ⊆ V for each n ≥ m.
Lemma 3.4. Let (X, f) be a dynamical system such that X is a compact metric countable space
and every point of X ′ is periodic. If x ∈ X is a fixed point of f and (xn)n∈N is a sequence of
periodic points converging to x, then Of (xn)→ x.
Proof. We shall prove this theorem by induction on the Cantor-Bendixon rank of x. The case when
x isolated is trivial, since eventually we have that x = xn and x is fixed. The case rcb(a) = 1 was
already proved in Corollary 3.2. Assume that rcb(a) = α and that the result holds for all points
of X of rank smaller than α. Fix a clopen V ∈ N (x) and assume, without loss of generality, that
rcb(y) < α for each y ∈ V \ {x}. Also assume that xn ∈ V \ {x} for all n ∈ N. Suppose that
B = {n ∈ N : Of (xn) 6⊆ V } is infinite. For each n ∈ B choose yn ∈ Of (xn) ∩ V so that f(yn) /∈ V .
As the set {yn : n ∈ B} is infinite, we can find y ∈ V and an increasing sequence (nk)k∈N in B such
that ynk −→ y. It is evident that f(y) /∈ V and hence f(y) 6= y 6= x. We claim that y is periodic.
In fact, if y ∈ X ′, then y is periodic by assumption. Thus, suppose that y is an isolated point.
Then eventually ynk = y and hence y ∈ Of (ynk), which implies that y is periodic. Let l = |Of (d)|
and set g = f l. It is clear that each f -periodic point is g-periodic. Since ynk ∈ Of (xnk) for every
k ∈ N, then we must have that each ynk is g-periodic. As x is a fixed point of f , then x /∈ Of (y).
Hence, there is a clopen U ∈ N (Of (y)) such that x /∈ U . We know that rcb(y) < α. By applying
the inductive hypothesis to (X, g), we obtain that Og(ynk) −−−→
k→∞
y. It then follows from Lemma
3.3 that there exists i ∈ N such that Of (ynj) ⊆ U , for each i ≤ j ∈ N. But this is impossible since
xnk ∈ Of (xnk) = Of (ynk) for each k ∈ N and xnk −−−→
k→∞
x /∈ U .
Corollary 3.5. Let (X, f) be a dynamical system such that X is a compact metric countable space
and every point of X ′ is periodic. If (xn)n∈N is a sequence of periodic points of X converging to x,
then Of (xn)→ Of (x).
Proof. If x is isolated, then eventually xn = x and the result follows. Suppose that x ∈ X
′ and let
l be the period of x. Let g = f l, then g(x) = x and by Lemma 3.4 applied to (X, g), we obtain
that Og(xn)→ x. Now, by Lemma 3.3, we get the conclusion.
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For points with an infinite orbit, we have the following result which follows directly from Lemma
3.1.
Lemma 3.6. Let (X, f) be a dynamical system such that X is a compact metric countable space. If
x ∈ X has infinite orbit and there is y ∈ ωf (x) such that rcb(y) = 1 and f(y) = y, then f
n(x) −→ y.
Lemma 3.7. Let (X, f) be a dynamical system such that X is a compact metric countable space
and every point of X ′ is periodic. If x has an infinite orbit and y ∈ wf (x) is fixed, then f
n(x) −→ y.
Proof. We will prove it by induction on the Cantor-Bendixon rank of y and for each continuous
function f : X → X. The case in which rcb(y) = 1 was already proved on lemma 3.6. Suppose
rcb(y) = α > 1 and that the result holds for every continuous g : X → X and for every point of
X ′ with Cantor-Bendixon rank < α. Choose a clopen V ∈ N (y) such that every point of V \ {y}
has Cantor-Bendixon rank < α. Assume that the set A = {n ∈ N : fn(x) ∈ V and fn+1(x) /∈ V } is
infinite. Then there is z ∈ V \{y} and an increasing sequence (nk)k∈N in A such that f
nk(x) −−−→
k→∞
z
and, fnk(x) ∈ V and fnk+1(x) /∈ V for all k ∈ N. Clearly, f(z) 6= z 6= y. Set l = |Of (z)|. Now
for each k ∈ N pick tk, rk ∈ N so that nk = tkl + rk and rk < l. Choose r < l such that
B = {nk : rk = r} is infinite and set g = f
l. As fnk(x) = gtk(f r(x)) for each nk ∈ B, then
z ∈ ωg(w) where w = f
r(x). Since g(z) = z and rcb(z) < α, by the inductive hypothesis applied to
(X, g), it follows that gn(w) −→ z. Hence, we have that f ln(x) −−−→
n→∞
z. According to Lemma 2.7,
we then have that ωf (x) = Of (z), which is a contradiction since y /∈ Of (z) and y ∈ ωf (x).
Theorem 3.8. Let (X, f) be a dynamical system such that X is a compact metric countable space
and every point of X ′ is periodic. For every x ∈ X, there is a periodic point y ∈ X such that
ωf (x) = Of (y).
Proof. The case when Of (x) is finite it is evident. Assume that Of (x) is infinite and let y ∈ ωf (x).
By assumption, y is periodic. Set l = |Of (y)| and g = f
l. Then, we have that g(y) = y. Choose
an increasing sequence (nk)k∈N for which f
nk(x) converges to y. By passing to a subsequence, we
assume, without loss of generality, there is i < l such that nk = ltk + i where tk ∈ N, for all k.
Set z = f i(x). Then, we obtain that gtk (z) −−−→
k→∞
y. This implies that y ∈ Og(z). By Lemma 3.7,
gn(z)→ y and, by Lemma 2.7, obtain that ωf (x) = Of (y).
The two following theorems will allow us to conclude that given a dynamical system (X, f),
where each element of X ′ is a periodic point and given x ∈ X, either f q is discontinuous at x for
all q ∈ N∗ or f q is continuous at x for all q ∈ N∗.
Theorem 3.9. Let (X, f) be a dynamical system such that X is a compact metric countable space
and every point of X ′ is periodic. If x ∈ X ′ is a fixed point, then either fp is continuous at x, for
every p ∈ N∗, or fp is discontinuous at x, for every p ∈ N∗.
Proof. Let x ∈ X ′ be a fixed point. Suppose that there exist p, q ∈ N∗ such that fp is continuous
at x and f q is discontinuous at x. By compactness, there is a sequence (xn)n∈N in X such that
xn −→ x and yn = f
q(xn) −→ y 6= x. According to Theorem 3.8, for each n ∈ N there is a
periodic point zn ∈ X such that ωf (xn) = Of (zn). Without loss of generality, we may assume
that zn −→ z. Clearly z is periodic. By Corollary 3.5, we obtain that Of (zn) → Of (z). Since
f q(xn) ∈ ωf (xn) = Of (zn), hence y ∈ Of (z). On the other hand, by the continuity of f
p at x,
we must have that fp(xn) −→ x. Since f
p(xn) ∈ ωf (xn), we conclude, as before, that x ∈ Of (z).
Since x is fixed and y is periodic, then x = y, which is a contradiction.
Lemma 3.10. Let (X, f) be a dynamical system such that X is a compact metric space and every
point of X ′ is periodic. If p ∈ N∗ and fp is continuous at the point x ∈ X ′, then fp is continuous
at every point of Of (x).
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Proof. Let p ∈ N∗ and suppose that fp is continuous at the point x ∈ X ′. Let n be the period of x.
Consider the point y = f l(x) for some l < n. Let (yk)k∈N be a sequence in X such that yk −→ y.
Then, we have that f (n−l)(yk) −→ x and so f
p(f (n−l)(yk)) −→ f
p(x). Since p +m = m + p for
every m ∈ N, we must have that fp ◦ f (n−l) = f (n−l) ◦ fp. Thus, we obtain that fn(fp(yk)) −→
f l(fp(x)) = fp(f l(x)) = fp(y). Now, assume that fp(yk) 6−→ f
p(y). By passing to a subsequence,
without loss of generality, we may assume that fp(yk) −→ z 6= f
p(y). Hence, fn(fp(yk)) −→ f
n(z)
and so fn(z) = fp(y). Since fp(y) ∈ Of (x) and z is periodic, then z has period n and hence
z = fn(z) = fp(y), but this is impossible. Therefore, fp is continuous at y.
Now we are ready to state the main result of this section.
Theorem 3.11. Let (X, f) be a dynamical system such that X is a compact metric countable space
and every point of X ′ is periodic. Then, for each x ∈ X either fp is discontinuous at x, for all
p ∈ N∗, or fp is continuous at x, for all p ∈ N∗.
Proof. Fix x ∈ X ′ and p, q ∈ N∗. Without loss of generality, assume that fp is continuous at
x. According to Lemma 3.10, we know that fp is continuous at every point of Of (x). Now, set
n = |Of (x)| = and g = f
n. By Lemma 2.1, gp = fp ◦ fn, hence we must have that gp is also
continuous at x ∈ X. Notice that each point of Of (x) is a fixed point of g. Then, by Theorem
3.9, gq is continuous at each point of Of (x). Choose l < n so that q ∈ (nN + l)
∗. By Lemma 2.1,
f q = gq ◦ f l. So, f q is also continuous at x.
We have already mentioned that for X a convergent sequence, it was shown in [7] that fp is
continuous for every p ∈ N∗ or fp is discontinuous for every p ∈ N∗. In the next theorem we shall
extend this result to any compact metric countable space with finitely many accumulation points
(in the next section we will see that this result cannot be extended to a space with CB-rank equal
to 2).
The following lemma will help us to consider only orbits without isolated points.
Lemma 3.12. If Of (x) has an isolated point, then every f
p is continuous at x, for every p ∈ N∗
Proof. Suppose fn(x) is isolated. Let xk → x. Then there is k0 such that f
n(xk) = f
n(x) for all
k ≥ k0. Therefore f
p(xk) = f
p(x) for all k ≥ k0. 
To proof our theorem we need a synchronization of the q-iterations of points near to an orbit of
a periodic point.
Lemma 3.13. Suppose X ′ is finite, z periodic with period s and Of (z) ⊆ X
′. Let Vj be pairwise
disjoint clopen sets, for 0 ≤ j < s, such that Vj ∩X
′ = {f j(z)} for all j. Let p ∈ N∗ be such that
fp(z) = z and x ∈ V0. If f
p(x) ∈ V0, then
Of (x) ⊆
∗ V0 ∪ · · · ∪ Vs−1
and f q(x) ∈ Vj whenever that q ∈ (sN+ j)
∗ with 0 ≤ j < s.
Proof. Since fp(x) ∈ V0, then {m ∈ N : f
m(x) ∈ V0} ∈ p. As f
p(z) = z, then sN ∈ p. Therefore
A0 = {ns : f
ns(x) ∈ V0} ∈ p.
Fix j < s. Since f j(z) ∈ Vj and Vj has only one accumulation point, then f
j[V0] ⊆
∗ Vj by the
continuity of f . Therefore
Aj = {ns+ j : f
ns+j(x) ∈ Vj}
is infinite for each j < s. On the other hand, as z has period s, then f s[Vj] ⊆
∗ Vj. Thus
Aj + s ⊆
∗ Aj for all j. Thus Aj =
∗ sN + j. In particular, fns+j(x) ∈ Vj for almost all n. This
says that Of (x) ⊆
∗ V0 ∪ · · · ∪ Vs−1. Moreover f
q(x) ∈ Vj provided that q ∈ (sN + j)
∗ for some
0 ≤ j < s. 
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We are ready to prove the last main theorem of the section.
Theorem 3.14. Suppose X ′ is finite. If fp is continuous, for some p ∈ N∗, then f q is continuous
for all q ∈ N∗.
The proof will follow from the next lemmas.
We omit the proof of the following easy lemma which takes care of the case when there is an
isolated points in an orbit.
Lemma 3.15. Let zk ∈ X, for each k ∈ N, and let z, u ∈ X be two periodic points such that
Of (zk) ⊆
∗ Of (u) for every k ∈ N. If f
p(zk)→ z, then Of (u) = Of (z).
Lemma 3.16. Suppose X ′ is finite, z ∈ X periodic and Of (z) ⊆ X
′. If fp is continuous at z, for
some p ∈ N∗, then f q is continuous at z, for all q ∈ N∗.
Proof. Let s be the period of z and let Vj , for 0 ≤ j < s, be clopen sets as in the hypothesis of
lemma 3.13. Notice that if fp(x) = f i(z) with 0 ≤ i < s and fp is continuous at z, then taking
r = p+s−i, we have that f r(z) = z and f r is continuous at z. Therefore, without loss of generality,
we will assume that fp(z) = z. Fix q ∈ N∗ and choose 0 ≤ j < s so that q ∈ (sN+ j)∗. Let (zk)k∈N
be a sequence in V0 converging to z. Since f
p(zk) → z ∈ V0, by lemma 3.13, f
q(zk) ∈ Vj for all k.
By Lemma 2.2 , we know that f j(z) = f q(z).
We claim that f q(zk) converges to f
j(z). Otherwise, there is an isolate point u such that
f q(zk) = u for infinitely many k. Hence, u is periodic and Of (zk) ⊆
∗ Of (u) for infinitely many
k ∈ N. By Lemma 3.15, u ∈ Of (z) ⊆ X
′ which is a contradiction. Therefore, f q is continuous at
z. 
Lemma 3.17. Suppose X ′ is finite, z ∈ X periodic and Of (z) ⊆ X
′. Let x ∈ X ′ \ Of (z) be such
that f i(x) ∈ Of (z) for some i ∈ N. If f
p is continuous, for some p ∈ N∗, then f q is continuous at
x, for all q ∈ N∗.
Proof. Let s be the period of z and Vj , for 0 ≤ j < s, be clopen sets as in the hypothesis of lemma
3.13 and put V = V0 ∪ · · · ∪ Vs−1. Fix q ∈ N
∗ and choose 0 ≤ j < s so that q ∈ (sN + j)∗.
Suppose that xk → x. We can assume, without loss of generality, that i is the smallest n such
that fn(x) is periodic, f i(x) = z and f i(xk) ∈ V0 for all k. Suppose f
q(xk) → w. We will show
that w = f q(x). We claim that w is a limit point. Suppose that w is isolated. As in the proof
of the previous lemma, we obtain that w is periodic and Of (xk) ⊆ Of (w) for infinitely many
k ∈ N. As fp(xk) → f
p(x) ∈ Of (z), by Lemma 3.15, w ∈ Of (w) = Of (z) which is impossible.
Therefore, w must be a limit point. Notice that by lemma 3.13, Of (f
i(xk)) ⊆
∗ V for large enough
k. Thus w ∈ V and, being non isolated, it belongs to the orbit of z. On the other hand, since fp is
continuous, then by lemma 3.16, f q is continuous at f i(x) and thus f q(f i(xk))→ f
q(f i(x)). Since
f i(f q(xk))→ f
i(w) and f q ◦ f i = f i ◦ f q, then f i(w) = f i(f q(x)). As f q(x) and w are both in the
orbit of z, then necessarily w = f q(x). 
4. An example
We construct a dynamical system (X, f) where X is a compact metric countable space, the orbit
of each accumulation point is finite and that there are p, q ∈ N∗ such that fp is continuous on X
and f q is discontinuous at some point of X. This shows that the hypothesis “every accumulation
point is periodic” of Theorem 3.11 cannot be weakened to just asking that the orbit of such points
are finite.
8
Example 4.1. Consider the countable ordinal space ω2+1 which will be identified with a suitable
subspace of R:
X =
( ⋃
m∈N
Dm
)
∪ {dm : m ∈ N} ∪ {d},
where (dm)m∈N is a strictly increasing sequence converging to d, Dm = {d
m
n : n ∈ N} is a strictly
increasing sequence contained in (dm−1, dm) converging to dm, for each m ∈ N\{1}, and D1 = {d
1
n :
n ∈ N} is a strictly increasing sequence contained in (−∞, d1) converging to d1. For notational
convenience, we shall assume that 0 /∈ N and P stands for the set of prime numbers. Now, we define
the function f : X → X as follows:
(i) f(d) = d, f(d1) = d and f(dm) = dm−1 for each m > 1.
(ii) f(d1n) = d
n
n, for each n ∈ P.
(iii) f(d1n) = d for each n 6∈ P.
(iv) f(dmn ) = d
m−1
n whenever m > 1 and n 6∈ P.
(vi) f(dmn ) = d
m−1
n whenever 1 < m ≤ n and n ∈ P.
(vii) f(dmn ) = d
m−1
n−1 whenever m > n and n ∈ P.
It is not hard to prove that f is continuous and notice that every point is eventually periodic. The
required dynamical system will be (X, f). We have the following consequences directly from the
definition:
(1) dm is eventually periodic and Of (dm) = {dm, dm−1, dm−2, · · · , d1, d} for each m ∈ N.
(2) d1n is eventually periodic and Of (d
1
n) = {d
1
n, d} for each n 6∈ P.
(3) dnn is periodic and Of (d
n
n) = {d
n
n, d
n−1
n , d
n−2
n , · · · , d
1
n} for each n ∈ P.
(4) dmn is eventually periodic and Of (d
m
n ) = {d
m
n , d
m−1
n , d
m−2
n , · · · , d
1
n, d} provided that n 6∈ P
and m > 1.
(5) dmn is eventually periodic and Of (d
m
n ) = {d
m
n , d
m−1
n−1 , d
m−2
n−1 , · · · , d
1
n−1, d} provided that n < m
and n ∈ P.
(6) dmn is periodic and Of (d
m
n ) = {d
m
n , d
m−1
n , d
m−2
n , · · · , d
1
n, d
n
n, d
n−1
n , d
n−2
n , · · · , d
m+1
n } provided
that 1 < m < n and n ∈ P.
Hence, we obtain that:
(a) f [Dm] ⊆ Dm−1 for all m > 1.
(b) f [D1 \ {d
1
n : n ∈ P}] = {d} and f [{d
1
n : n ∈ P}] = {d
n
n : n ∈ P}.
(c) Fore each x /∈
⋃
n∈POf (d
n
n) there exists l ∈ N such that f
l(x) = d.
To analyze the behavior of the p-iterates of f , we shall need some preliminary lemmas.
From the computation of the orbits given above and lemma 2.2 we have the following result.
Lemma 4.2. Let p ∈ N∗ and let ln ∈ N (depending on p) be such that 0 ≤ ln < n and p ∈ (nN+ln)
∗.
Then, we have that
(i) fp(dmn ) = d whenever n ∈ P and m > n.
(ii) fp(dmn ) = d whenever n 6∈ P and m > 1.
(iii) fp(dmn ) = f
ln(dmn ), when n ∈ P and m ≤ n. In particular, f
p(dmn ) = d
n−(ln−m)
n provided
that m ≤ ln < n ∈ P.
Theorem 4.3. Let (X, f) be the dynamical system constructed above.
(1) If p ∈
⋂
n∈P(nN+ (n− 1))
∗, then fp is discontinuous at d.
(2) If p ∈
⋂
n∈P(nN+
n+1
2 )
∗, then fp is continuous on X.
Proof. (1). Let p ∈
⋂
n∈P(nN + (n − 1))
∗. According to Lemma 4.2(iii), we know that fp(dnn) =
fn−1(dnn) = d
1
n for all n ∈ P. Hence, we obtain that the sequence (f
p(dnn))n∈P converges to d1, but
the sequence (dnn)n∈P converges to d and f(d) = d. Therefore, f
p is not continuous at d.
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(2). Let p ∈
⋂
n∈P(nN+
n+1
2 )
∗. We first show that fp is continuous at dm for every m ∈ N. Let
m ∈ N and assume xk −−−→
k→∞
dm. We remark that f
p(dm) = d. Without loss of generality, suppose
that xk = d
m
nk
where m < nk+12 for each k ∈ N. If nk 6∈ P for some k ∈ N, by Lemma 4.2(ii), then
we have that fp(xk) = d. Thus, we may suppose that nk ∈ P for all k ∈ N. It then follows from
Lemma 4.2(iii) that
fp(xk) = f
p(dmnk) = d
m+
nk−1
2
nk −−−→
k→∞
d = fp(dm).
Next, we shall show that fp is continuous at d. To do that let us assume that xk −→ d and
{xk : k ∈ N} ∩ {dm : m ∈ N} = ∅. Write xk = d
mk
nk
for each k ∈ N . As above, without loss of
generality, we may suppose that nk ∈ P for each k ∈ N. If nk < mk for some k ∈ N, by Lemma
4.2(i), then fp(dmknk ) = d. Thus, we can also assume that mk ≤ nk for all k ∈ N. In virtue of lemma
4.2(iii), we have that
fp(xk) = f
p(dmknk ) = d
nk−
nk+1
2
+mk
nk = d
mk+
nk−1
2
nk −−−→
k→∞
d = fp(dm).
To finish our task, we shall show that there are ultrafilters satisfying the hypothesis of Lemma
4.3.
Lemma 4.4. Let (nk)k∈N be an increasing sequence of pairwise relatively prime natural numbers.
For every sequence (dk)k∈N satisfying 0 ≤ dk < nk for each k ∈ N, we have that
⋂
k∈N
(nkN+ dk)
∗ 6= ∅.
Proof. It is enough to show that the family {(nkN+dk)
∗ : k ∈ N} has the infinite finite intersection
property. Indeed, let k1, · · · , kl in N. Consider the equations system:


dk1 ≡ x, (mod nk1);
...
dkn ≡ x, (mod nkl).
Since the natural numbers nk1 , . . ., nkl are relatively prime, by the Chinese Remainder Theorem,
this system has infinitely many solutions. Therefore, the intersection
(nk1N+ dk1) ∩ . . . ∩ (nklN+ dkn)
is infinite. Therefore,
⋂
k∈N(nkN+ dk)
∗ 6= ∅.
We finish this section with some questions: Given p, q ∈ N∗ such that p + n 6= q, for all n ∈ N,
is there a dynamical system (X, f) and a point x ∈ X such that X is a compact metric space, fp
is continuous at x and f q is discontinuous at x? We remark that the continuity of fp, for p ∈ N∗,
implies the continuity of fp+n for each n ∈ N. In the light of the example we presented, we would
like to know the answer of previous question for the space ω2 + 1.
We thank the referee for providing constructive comments that help improving the contents of
this paper. Mainly, we thank him/her for pointing out a mistake in the proof of Theorem 3.14.
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